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Random Walk Models for Particle Diffusion in Free-Shear Flows

Todd L. Bocksell* and Eric Loth'
University of Illinois at Urbana-Champaign, Urbana, Illinois 61801

The main objectives were to establish and investigate discontinuous and continuous random walk models ap-
propriate for free-shear flows with regard to turbulent particle diffusion. The models were designed to capture
the crossing trajectories effect, the continuity effect, and the inertial-limit effect, all for the case of heavy particles
whose densities are much greater than that of the surrounding fluid. In addition, both techniques included an
isotropic drift velocity to account for inhomogeneous turbulence. The computational efficiency of the continuous
random walk models is improved by utilizing local time stepping, which effectively filters out high-frequency
velocity fluctuations that do not have a significant influence on particle diffusion. The predictive performances
of these two random walk models were examined through comparison with experimental data and idealized test
conditions. The results indicate that both models agree well with experimental data for a nearly homogeneous
turbulent wake and an inhomogeneous turbulent axisymmetric jet (although the continuous random walk model
performs somewhat better for the inhomogeneous flows). It was also found that the proposed drift velocity models
are important to ensure continuity when simulating particle diffusion with inhomogeneous turbulence.

Nomenclature

C. = -continuity effect coefficient

Cp = dragcoefficient

C, = eddylengthscale coefficient

C, = turbulencelength scale coefficient, 0.09

C. = eddy timescale coefficient

d = diameter

Fr = eddy Froude number

g = gravitational acceleration

h = channel width

k = turbulentkinetic energy

Re, = particle Reynolds number

St = particle Stokes number

t = time

u; = velocity vector

“/f; = discontinuousrandom walk drift velocity correction

Ve = relative velocity of particle to fluid

X; = coordinate/fposition vector

o;; = fluid velocity correlation coefficient

¥ = drift parameter

At = time step

&L = Kironecker delta

5“/f; = continuousrandom walk incremental
drift velocity correction

g = turbulentdissipation

A, = turbulenceintegrallength scale

£ = random number from triangular
probability density function (PDF)

P = density

c = standard deviation

T, = eddy-particle interaction time

7, = particlerelaxation time

T = eddy traversal time

TA = Integral eddy timescale (eddy lifetime)

] = random number from Gaussian PDF

Subscripts

f fluid

i = vector
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jet = jetdischarge condition
L = Lagrangian
lat = lateral
long = longitudinal
mE = moving Eulerian
p = particle
r = radial coordinate
z = axial coordinate
2] = angularcoordinate
Superscripts
- = Reynolds-averagedcomponent
! = fluctuating component
I. Introduction

A. Particle Diffusion Characteristics

ET us first consider the parameters that control heavy parti-

cle diffusion followed by three important features of diffusion
phenomena. In general, we assume that the particlesare heavy, such
that the ratio of particle density to fluid density is large, and are of
finite Reynolds number. Therefore, effects of lift, fluid stress, Basset
history forces, and Faxen effects are of second-orderas compared to
dragand gravitationalforces.! In this case, there are three nondimen-
sional parameters that commonly arise in the analysis of turbulent
particle diffusion: the Stokes number St is the ratio of particle re-
laxation time to eddy integral timescale, the drift parameter y is the
ratio of particle terminal velocity to fluid turbulence intensity, and
the eddy Froude number Fr is the ratio of eddy convective forces
to gravitational forces on the particle. These three nondimensional
parameters can be written as

_ 7 J—
— Vlerm/ufyrmss Fr - uf,rms

/4gA,
(1)

Two of these three parameters are independent because y o St/ Fr,
and the parameter y has been shown to be the main parameter
controlling long-time particle diffusion in homogeneous, isotropic
turbulence.! ™3 In general, particle diffusion becomes equal to that
of a passive scalaras y approacheszero and is substantiallyreduced
as y becomes large compared to unity.>?

Threeimportantissues associatedwith turbulentparticlediffusion
are the crossing-trajectories effect, the continuity effect, and the
inertial-limit effect, all of which need to be properly addressed by
a computational model to ensure accurate results. Their respective
influences are related to the timescale duration of an average eddy
interacting with a particle, ,,,, which in turn is proportionalto mean

St =1,/14, y
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diffusionrate for long-time particle diffusion."*3 Note, for a small
tracer particle, this interaction timescale is simply equal to the fluid
Lagrangian eddy lifetime 7,,, because a massless particle follows
the Lagrangian fluid path.

The crossing-trajectories effec refers to the modification of
the eddy interaction time that occurs when a particle cuts quickly
through an eddy (of length A) due to its relative velocity V,, with
respect to the fluid. This can resultin a net reduction of the interac-
tion time due to the inability of particles to follow the fluid exactly.
Therefore,theinteractiontime is often defined as the minimum of the
eddy lifetime and the eddy traversaltime as 7, ; = min(ta, A/ V,e)
so that the crossing-trajectoryeffect is more pronounced as particle
terminal velocity increases. As the particle-eddy interaction time
becomes limited by an eddy traversal time (as opposed to an eddy
turnovertime), the crossing-trajectorieseffectyields areduced over-
all particle diffusion.

The continuity effect'™* refers to the anisotropic nature of the
eddy length scale with respect to particle motion, whereby the eddy
fluctuationsexhibitlongerspatial correlationsalong the particle path
as compared to perpendicularto the particle path. Modification of
the eddy length scale can subsequently have an effect on the eddy
traversaltime (discussedearlier), and thus, 7, ; , and the net diffusion
canbecomeanisotropicevenif the underlyingcontinuous-phasetur-
bulence is isotropic. This effect becomes more important when the
relative velocity of the particleis larger than the root mean square of
the fluid fluctuation velocities (y > 1). In these situations, Taylor’s
hypothesis is valid, and the Lagrangian correlation is equivalent to
the Eulerian spatial correlation moving at the mean fluid velocity.
Continuity in terms of the Euler spatial correlation function implies
that the lateral correlation functions must have significant negative
loops.? The resulting anisotropic nature of the correlation functions,
thus, leads to the anisotropy in the length scales of the turbulence
seen by the particles. For isotropic turbulence, the relationship be-
tween the lateral correlation function and the longitudinal correla-
tion function results in'®

t1,6—8

Alal = %Along (2)

The effect of this difference in length scales is that lateral particle
diffusion is half of the longitudinal particle diffusion for y > 1,
which is the continuity effect.

The inertial-limit effect’*11~!4 refers to the variation in eddy
lifetime, which a particle sees along its path, and may be caused by
an increase in particle inertia (and, thus, Stokes number). For the
case of negligibleinertia, the eddy timescaleis simply equal to za,,
but for very high inertia (St 3> 1) and negligible gravity (y < 1),
the eddy timescale approachesthe moving Eulerian timescale 7a,, ;.
(The eddy lifetime along a path that is moving at the mean speed
of the fluid.) There is some debate about whether the quantitative
values of these two limiting timescales are significantly different.
Stock! asserts that the ratio of these timescalesis (7a,,z /T, =) 2.8.
This value is based on the numerical simulation of Wang and Stock!!
using a specific number of Fourier modes to approximate isotropic
homogeneousturbulence. However, the fully resolved directnumer-
ical simulation by Elghobashiand Truesdell'* of the grid-generated
turbulence experiment of Snyder and Lumley!®> showed that the
timescales for the Lagrangian correlation and the moving Eulerian
correlation in zero gravity were nearly identical (z,,,, /7o, = 1).
In addition, Wells and Stock'? noted experimentally that for zero
gravity conditions, increasing the Stokes number only increased
diffusion slightly, thus also suggesting the timescale ratio was ap-
proximately unity. Finally, an experiment performed by Loth and
Stedl'? measured the Lagrangian and moving Eulerian timescales
in a turbulent mixing layer and found that these two scales (when
based on the velocity fluctuations) were nearly equal.

Loth and Stedl!® explained this near equality of timescales in
terms of the structural evolution of an eddy. In particular, the trans-
portofa fluid pointaway from the moving Eulerian path is composed
of two motions: an eddy translation and an eddy rotation as shown
in Fig. 1. The Lagrangian correlation due to translation alone may
be expected to increase the resulting timescale because the eddy is
most coherent along its own path as compared to an Eulerian path.
However, the effect of the rotational componentis that positive ve-

initial fluid point position

® —e
new fluid point position for
~. Moving Eulerian path
eddy rotation RN (Taylor’s hypothesis)

Initial Eddy Location

new fluid point
position for
Lagrangian path

New Eddy Location

Fig. 1 Movement of a fluid point on an eddy to show the difference
between Lagrangian and moving Eulerian correlations.

locity fluctuationseventually become negative, resulting in a decor-
relation. The two mechanisms have opposite effects and roughly
cancel each other out such that the overall correlation of the pure
Lagrangian motion is about the same as the moving Eulerian cor-
relation. It is possible that simulation of Wang and Stock,'! which
used a specified number of Fourier modes with random amplitudes
and phases and lacks coherent eddy structure, may not include the
rotational decorrelation aspect. Based on the preceding discussion,
itisreasonableto approximatethe two timescales as equal so that the
eddy integral timescale will be assumed to be independentof Stokes
number. However, further research is needed to clarify this for gen-
eral turbulent flowfields, especially with respect to inhomogeneous
turbulence.

B. Previous Lagrangian Computational Models

In the event that a resolved-eddy simulation (such as direct nu-
merical simulation or large eddy simulation) is not feasible for the
continuous phase, an unresolved-eddy flow simulation, such as a
Reynolds-averaged Navier-Stokes (RANS) solution, can be used
to obtain results of mean particle diffusion. Whereas the continu-
ous phase is typically described in an Eulerian sense, the particle
field can either be treated in an Eulerian or Lagrangian fashion. La-
grangian diffusion models employ the mean flow properties from
the RANS solution to compute a large number of particle trajecto-
ries and obtain mean diffusion statistics. This methodology can be
desirable compared to Eulerian methods because it avoids an empir-
ical particle Schmidt number formulation and can robustly handle
particle-wall interaction phenomenon. The Lagrangian stochastic
computational models fall into three main categories. These can
be arranged from the least computationally intensive to the most
computationally intensive as discontinuous random walk (DRW)
models, continuous random walk (CRW) models, and stochastic
differentialequation (SDE) methods. The first two models simulate
turbulenceby assuming a functional form for the velocity perturba-
tions based on the root-mean-square values of the turbulence. The
more complex SDE methods employ a Langevin equation for the
instantaneous velocity and require modeling of the triple-velocity
moments. In addition, wall interactions cannot be as robustly speci-
fied with the SDE methodology. As such this techniqueis stillin the
developmentalstage and is not yet widely used for most engineering
applications.!®

The DRW model is essentially a zero-dimensional model of the
turbulent fluctuations because it approximates the fluctuation as a
series of discontinuousvelocity perturbationsthat are held constant
during a time interval, as shown in Fig. 2. The CRW model im-
proves the representation of the turbulent fluctuation velocities so
that the velocity fluctuations are continuous in time, thus yielding
a one-dimensional model (Fig. 2). In both cases, random number
generators simulate the chaotic effect that the fluctuating velocities
have on particles. For the DRW models these are essentially step
changes, whereasthe CRW models continuouslycorrelatethe turbu-
lent fluid velocity fluctuations in time. Whereas most CRW models
employ a Markov chain based on the previous time realization to
update after a small time increment, some CRW models, such as the
one by Berlemont et al.,'” include the velocity fluctuation history
from many previous time steps.
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Fig. 2 Comparison of the velocity fluctuation time histories for the
DRW and CRW models from MacInnes and Bracco.®

For the DRW and CRW approacheswith free-shearflows, the k-&
turbulence closure model is typically used for the Eulerian RANS
continuous flow solution, from which appropriatelength, time, and
velocity scales for the continuous flow can be computed based on
the turbulent kinetic energy and the dissipation. These turbulence
scales are used in conjunction with random number generators to
approximate the fluid velocity fluctuations and allow integration of
the Lagrangian particle equations of motion. Note that where DRW
models typically ignore off-diagonal Reynolds stress terms (u/f; u’f/
fori # j) in creating the random velocity field that the particle sees,
CRW modelscanincludesuchtermsif availablefrom the continuous
flow solution.

Recently, MaclInnes and Bracco,® Crowe et al.,!® and Legg and
Raupach! have pointed out serious deficiencies of conventional
DRW and CRW models in that they may generate a spurious mean
particle drift for inhomogeneous turbulence. This nonphysical drift
arises from an inconsistent transformation of Eulerian turbulent
statisticsinto a Lagrangianrandom walk model that can occurdue to
gradientsalong the particlepath. For the DRW model, MacInnes and
Bracco® considered two massless particles approachingeach other,
but originating from regions of differing turbulence intensities, and
their analysis showed that the particles originating from regions of
higher turbulence intensity would, on average, diffuse farther than
particles originating from regions of lower turbulent intensity. This
was numerically demonstrated by releasinga uniformconcentration
of massless particles (fluid tracers) in an axisymmetric turbulent jet
using the DRW, CRW, and SDE methods. The particle concentra-
tion distribution was then measured downstream, and instead of a
uniform distribution, the random walk models were found to yield
nonphysical spatial variations (Fig. 3). This is a result of the spu-
rious mean diffusion of particles from regions of high-turbulence
intensity into regions of lower turbulence intensity, which is at the
jetedge (y/x ~0.2-0.3).

To correct this problem, tests were conducted with the addition
of a mean drift velocity for a mixing layer and an axisymmetric
jet. Results for the latter are shown in Fig. 4 for various DRW and
CRW corrections. Based on such results, the transverse mean drift
velocity suggested by MacInnes and Bracco® for the DRW model
for massless particles and isotropic turbulence was

ok

> (3)

e _ 1
Vf = 3 TA
where the L factor was based on empirical tests and k is the turbulent
kinetic energy. For the CRW model, the suggested drift correction
velocity was
/_u/
=7 fi ™ J,

Su’, = ot ———= 4

fi 0x; @

J
which is shown in Fig. 4 to give a reasonably uniform concentration
profile for massless particles.

Consequently, the goals of this paper are to establish and evalu-
ate DRW and CRW models for heavy particlesin homogeneousand
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Fig. 3 Radial density profile of an axisymmetric jet showing the ef-
fect of neglecting particle drift in the DRW and CRW models (from
MaclInnes and Bracco®).
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Fig.4 Radial density profiles in an axisymmetric jet showing the effect

of including the particle drift velocity in the DRW and CRW models
(from MacInnes and Bracco®).

inhomogeneous turbulence through comparison to detailed experi-
mental data and a numerical test flow. The objectiveis to determine
the accuracy and efficiency of these stochastic Lagrangian particle
methodologies for simulating turbulent particle diffusion.

II. Numerical Methodology

A. Continuous-Phase Methodology

In all of the particle simulationsto be conductedherein, a descrip-
tion of the continuous-phaseflow is first needed. Three turbulenttest
flows (of increasing complexity) will be considered for evaluation
of particle dispersion: 1) a one-dimensional grid-generated decay-
ing wake that is approximately homogeneous and isotropic in the
two lateral directions,2) a numerical test flow with only a transverse
variation in the turbulent kinetic energy and is otherwise homoge-
nous, and 3) an inhomogeneousjet flow that encompasses variations
in the mean velocity and turbulent variables in both axial and ra-
dial directions. These flowfield descriptions are consistent with that
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obtained by a conventional isotropic k-& simulation because this
is the most popular RANS flow technique for modeling free-shear
flows at high Reynolds numbers. However, the methodology can be
extended if anisotropic turbulence characteristicsare given. For the
isotropic case, the following continuous-fluid variables are required
as a function of space (the flow in all cases is assumed to be steady
in the mean): mean density p,, viscosity 1, mean Eulerian velocity
Uy, turbulentkinetic energy k, and dissipation of turbulence ¢.

For the three test-case simulations, these Eulerian variables will
be obtained as follows: 1) an empirical fit of the experimental data
for the grid-generated turbulence, 2) an analytic description for the
numerical test flow, and 3) an empirical fit of the experimental data
for the jet flow case. Note that empirical fits for cases 1 and 3 were
employed instead of RANS simulations because high-quality mea-
surements were available and because this avoided any predictive
limitations of the k—¢ technique for these flows. This also ensures
thatdifferencesnoted between the numericaland experimentalmean
particlediffusionresults can be attributed solely to the effectiveness
of the random walk techniques as opposed to additional limitations
ofthe k—& model toreproducecorrectly the mean and turbulent flow-
field distributions. The description of the continuous flow variables
for the three test cases is given in the following.

For the first test flow, we utilized the Snyder and Lumley'> turbu-
lent, grid-generated wake experiment, where the mean flow veloci-
ties (meter per second) were experimentally determined to be

Wf:6.5, ﬁf:\jf:() (5)

The measurements also determined that the turbulentkinetic energy
and dissipation were nearly one dimensional and well described by
the following:

k= %W§[1/42.4(Z/M —16) +2/39.4(z/ M — 12)]
£ = évT/f[I/42.4(Z/M —16)* +2/39.4(z/ M — 12)2]/M 6)

where z is the distance measured from the grid and M is the grid
spacing (2.54 cm). This grid-generated flow was nearly homoge-
neous in the two directions perpendicularto the flow direction and
was nearly isotropic for the domain studied (68 < z/ M < 168).

For the second test flow, a simple one-dimensionalnumerical test
flow with isotropic inhomogeneous turbulence was designed such
that

u; =1, v, =0, k=03exp[—115(h/2 —y)*] (7)
The domain is defined as 0<y/h <1 and periodic in y, and
0 <x/h <15. This represents a Gaussian distribution of the tur-
bulent kinetic energy in the lateral direction with the peak in the
center of the domain as shown in Fig. 5. Dissipation & was set so
that the integral eddy length scale was kept constant throughoutthe
domain at A/ h=0.05.

For the third test flow, the continuous flow solution of an axisym-
metricjet was constructedby empirical fit of velocity measurements.
The flow in a turbulent axisymmetric jet has three distinct regions

consistingof a potential core, a mixing region, and a main region, as
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Fig. 5 Distribution of turbulent Kkinetic energy used in the numerical
test flow to evaluate the correction velocities.
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Fig.6 Three regions of a turbulent axisymmetricjet (from Yuu et al.??).
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Fig.7 Comparison of experimental data for an axisymmetric jet and
corresponding empirical equations (9).

shown in Fig. 6. The resulting mean axial and radial fluid velocities

for the potential core region of the jet (no turbulence) are
ﬁf: = Ujela ﬁfr == 0 (8)

where Uy, is the jet discharge velocity and r and z are the radial
and axial jet coordinates. The mean fluid velocity equations for the
main region of the jet are

6.8 U
—

— _ 2
Ucenlerline - uf; - Ucenlerline sech (077)

cosh(a tanh(a
U5, = Ucenterline USEChz(an) + ol (an)] _ (an) ©)
an a

where dje[ is the jet nozzle diameter (8§ mm), n is the similarity
variable r/z, and a is an empirical constant of 10.4 from White.2
The form for the axial jet velocity in Eq. (9) is recommended by
White?® for a round turbulent jet, and the constant @ was obtained
by comparison to the data of Wygnanski and Fiedler?! The form
for the radial jet velocity in Eq. (9) was derived from the axial jet
velocity and the continuity equation. Figure 7 shows a comparison
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between the empirical equations for the axial and radial velocities
in an axisymmetric jet to the experimental data presented by Yuu
et al.?2 The equations for the mean velocities in the mixing layer
were similar except that the maximum velocity is no longer located
exactly at r =0, but extends to the edge of the potential core as
described by Bocksell2* The time spent in the potential core and
mixing regions of the jet was small compared to the time spent in
the main region, and so it is not imperative to model these regions
exactly; this approach is thus deemed reasonable.

The turbulentkinetic energy is obtained from the empirical equa-
tions given by Yuu et al.?* for the mean-square velocity fluctuations
in each coordinate direction for the mixing region and jet region.
After computing the turbulent kinetic energy from these autocorre-
lations, the isotropic dissipationis computed from &, using

e=C,k* /v, (10)

where v, is an eddy viscosity model for a turbulent axisymmetric
jet based on that of Anderson et al.** as described by Bocksell

B. Particle Equations of Motion
The equations of motion governing a particle in a turbulent flow
can be written in each Cartesian coordinate i as

dx,,
— =u, 11
ar (D
where x,, is the particle position and u , is the particle velocity. The
equation for the particle velocity is given by Maxey and Riley? as

du ,
VOlpde—tpl = Fp, + Fpg, + Fym; + Fpn, + Fsq, (12)

where Vol,, is the particle volume and p,, is the particle density. The
forces on the right-hand side of Eq. (12) are the drag force Fp,, the
buoyancy-gravitationalforce Fyg,, the virtual mass force Fy,, the
Basset history force Fjy,, and the force due to stress gradients in
the fluid Fsg,. The stress gradient force is due to a combination of
the fluid shear stress gradient and the fluid pressure gradient. In the
limit of a heavy particle (p,, > pf), forces associated with virtual
mass, Basset history, and stress gradients (including shear stress and
pressure) are typically negligible.>” and Eq. (12) simplifies to

du, 3 ps

dt ~ 4d, p, |“ff - up,-|(uf, - “pf)CD +&i (13)

where d), is the particle diameter, g; is the gravitationalacceleration
vector, and u ;, is the instantaneous fluid velocity. The same non-

linear C used by DeAngelis et al.*® is utilized here and has the
form
2
1 p,53
Cp= (24/Re,,)<1 + gRe,}) Re, <1000 (14)
0.424 Re, > 1000

The particle trajectory is then obtained by integrating Eqs. (11) and
(13). However, the instantaneous fluid velocity in Eq. (13) includes
both a mean and fluctuating component of velocity,u, =u, + ”/f; .
A RANS-type flow provides the mean fluid velocity %, thus re-
quiring separate modeling of the fluid fluctuation velocity u’;, at the
Lagrangian particle location. The two techniques to obtain the fluc-
tuation fluid velocity are the DRW and CRW models (described in
the following sections) and are based on the Eulerian continuous-
fluid distribution. In both techniques, the mean velocity of the fluid
is obtained by simply sampling %, at the particle location.

C. DRW Methodology

There have been several studies employing DRW models since
the earliest models proposed by Gosman and Ioannides® and Yuu
et al.?? Further refinement and sophisticationby Schuen et al.” and
DeAngelis et al.?® improved the overall performance, but the robust-
ness was still a concern. Herein, the best features of these previous
models along with some new ideas have been combined to design
a DRW model that is intended to be capable of simulating particle
diffusion for a wider variety of engineering flows.

The basic principle of a DRW model is that a particle interacts
with a series of eddiesrepresentingthe fluctuating componentof the
fluid velocity. For this DRW model, the fluid velocity fluctuations
canbe computed by stochasticallysampling an anisotropicGaussian
distribution along the particle path as

— 1

wly (1) = o, ¢ +u'y, with c, = (u’fzi)2 (15)
where ¢; is a Gaussianrandomnumber and ”/ff is amean drift veloc-
ity required to obtain proper transformationfrom Eulerian statistics
to the Lagrangian path for inhomogeneous turbulence (which will
be discussedin Sec. ILE).

At the onset of a new eddy, ¢; is sampled for each particle, and
Eq. (15) is computed at every time step by holding ¢; constant but
updating g, to correspond with the flow conditions at the current
particle location, which can be important for an inhomogeneous
flow. This procedure allows “/f; (1) to vary throughout the eddy-
particle interaction time interval. From this, the particle equations
of motion are integrated in time until the particle will no longer in-
teract with each particular zero-dimensionaleddy that occurs when
t > 7. Defining the eddy-particle interaction time as a function of
the eddy lifetime and the eddy traversal time captures the crossing-
trajectories effect; therefore,

Tin,i = Min(7a, 7;) (16)

where 7, ; is the eddy traversal time. We have found that the em-
pirical expression for 7, ; used in Eq. (16) provides a somewhat
better prediction with experiment than the more smoothly varying
expression, ri;tz =72+ rt:.z suggested by Csanady.*

In Eq. (16), 7 and 7, ; are computed from the RANS gas-phase
solution as

A = C‘fé(k/g)’ Tri = Az/ Vrel

with

3

A= Cc,iC/\CE (k%/g)s Coi =14+ Vieri/ |Viersl (A7)
where & is a random number. The inclusion of randomness in the
calculation of the eddy lifetime is necessary for particles that have
an eddy interaction time exclusively governed by the eddy lifetime.
Without this randomness, particles governed by the eddy lifetime
may tend to enter and exit eddies synchronously in time, leading
to particle diffusion results that are not physically realizable. The
value for & is obtained by sampling from a triangular probability
density function (PDF) ranging from 0.17, to 1.97, with a mean
value of 7,. However, results by Bocksell** showed that the size
and shape of the PDF were not critical, as long as some randomness
is introduced. Also present in Eq. (17) are four coefficients: C,
is the standard coefficient of the k- model (0.09), C, and C, are
empirical coefficients of the DRW model and will be describedlater,
and C,; is the continuity effect coefficient. Schuen et al.” notes that
due to the arbitrary definitions for eddy length and timescales, C,
and C, require calibration for accurate results.

Contrary to a model proposed by Stock,! the eddy lifetime is
hereinindependentof St because we have assumedthat ta; = Tp,, g,
in describing the inertial-limit effect (see Sec. I.A). The implemen-
tation of the continuity effect through C, ; is similar to the model
of Graham?’ except that the present model is not limited to parti-
cles moving at a nearly terminal velocity. This difference can be
important when an initial velocity is given to a particle such that
gravitational forces do not primarily govern V.

D. CRW Methodology

The CRW model is a more qualitatively realistic representation
of turbulence than the DRW model. In the CRW model, the fluid
velocity fluctuations along a particle path are approximated with a
random walk model that is continuousin time by utilizinga Markov
chain between two time steps as

. —
W (1 + Aty = oy, (1) + {(5, - afj)aj/ Po+ou, (18
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where ¢; is a Gaussian random number sampled at each time step
(as compared to the DRW model where it is sampled every ;).
Again, 5"/; is a mean drift velocity along the particle arising for
inhomogeneous turbulence (which will be discussed in Sec. ILE).

In the general case of inhomogeneous, anisotropic turbulence
with a RANS flow solution that solves for the complete Reynolds-
stress tensor statistics,

7

u'.u _At —_
fi”f

oy = . exp , o, = (u’.z)

J —_—— J

(D) ™

Note the timescaleusedis the particle-eddy interactiontime because
this governs the fluctuation decorrelation along the particle path.
The omission of the off-diagonal stress terms (u/f; u’f/ =0fori #j)
is appropriate for homogeneous, isotropic turbulent flows and is
typically a second-ordereffectfor thin shearlayer flows. Neglecting
the off-diagonal stress terms also allows direct comparison with the
DRW model (where they are typically not included).

Therefore, the present CRW correlation employed herein is sim-
ply given as

T (19

o, = ()" 0

o;; = &;; exp(—At/ Ty ), 2
where we have assumed isotropic turbulenceintensities.In Egs. (19)
and (20), 7, is computed similarly to the DRW model by utilizing
Eqgs. (16) and (17). One differenceis, in computingthe eddy lifetime,
the CRW model uses 7, = C.k/ ¢, and the random variable & of the
DRW model is no longer included, nor is it necessary. Also for
the CRW model, 7,; is computed at every time step rather than
at the onset of each new eddy for the DRW model. Note that the
CRW model of Legg and Raupach,'® which is discussed by Chen
and Pereira,”® decreases o,; with increasing particle Stokes number.
Herein, o, ; is independentof particle Stokes number and is typical
for most CRW models.? This is because particles in homogeneous
turbulence experience similar fluid fluctuation velocity magnitudes
regardless of the speed of the particle through the fluid.

To improve the efficiency of the present CRW model, the high-
frequency fluctuationsthat do not significantly contribute to particle
diffusion can be filtered out. This filtering can significantly reduce
CPU and is accomplished by defining a local time step to be a
function of the eddy interaction timescale as

At = |Tint,i|/Ncut0ff (21)

The minimum acceptable value of N was determined with sev-
eral simulations by matching the lateral diffusion to within 1% of
that found using the statistically converged global time step for par-
ticles in homogeneous isotropic turbulence?* The results shown in
Fig. 8a exhibited rapid convergenceto the global time-stepping dif-
fusion curve when Ny is eight or greater. This is less than the
Newofr Tequired for the DRW model of Bocksell.?* This may be be-
cause the CRW modelintroduces velocity randomness at every time
step compared to every 7, ; for the DRW model.

An interesting feature of the acceleration scheme for the CRW
model is the resulting spectra of the turbulenceseen by the particles.
Figure 8b shows a comparison of the spectra of the fluctuation seen
by particles for two disparate values of Ny, 8 and 2048. The
decay of velocity fluctuations with respect to frequency for this
Markov modelis approximatelylinear up to the low-pass frequency.
In addition, N, = 8 has only captured the fluctuations associated
with the largest wavelengths; however the resulting mean-square
diffusion curves for these two spectra are nearly identical.

E. Inhomogeneous Drift Velocity

Maclnnes and Bracco,’ Legg and Raupach,'® and Iliopoulos and
Hanratty® all have shown that a drift velocity arises for inhomoge-
neous turbulence. MacInnes and Bracco® studied massless particles
(fluid elements) in a jet and a shear layer and noted that neglecting
the mean drift velocity in Eqs. (15) and (18) can lead to significant
errors.

Global Timestepping

Diffusion [cm?]

a) Time [s]

1000

Ncutoff = 2048
------- Ncutoff = 8

—

(=3

(=1
3

Turbulent Energy
5

—
.
1

0.1 t t t +
0017, 0.1, I, 101, 100 7,

1000,
b) Frequency

Fig.8 CRW simulationsof a) mean-squarediffusion for various values
of Neutotr and b) comparison of the spectra of the velocity fluctuations
for the CRW model for two disparate values of Ncy¢oft-

The isotropic drift velocity corrections employed herein are de-
rived to show their genesis. The definition of the Lagrangianderiva-
tive of the fluid velocity along the fluid path is given by

Du . ou . ouy,
e N (22)
Dt ot / 8x]
and taking the time average for stationary flow yields
Du, ouy, ou’,
L= —L o, —L (23)
Dt / 3)61 fi 8x]
or, equivalently,
Du; Du, Du)
Dt Dt Dt
Du, ouy Du’, ou',
where £ zﬁ—f’, L=y L (24)
Dt Jox; Dt i ax;

For the net change in the fluid velocity overa time At (fluid acceler-
ation), we note that the first term on the right-hand side of Eq. (23)
is taken into account by simply sampling %, along the fluid path.
For example,

B Ty + Axgt+ A1)~ (x,.1)

2
Dt At 25)

The second term on the right-hand side of Eq. (23), however, is
nonzero if the turbulence is inhomogeneous and must be included
to represent properly the fluid acceleration along a fluid path. Note
that this term is only nonzero in a Lagrangian reference frame.
The contributionto overall fluid accelerationby the inhomogene-
ity of the turbulenceis accomplished through the addition of a mean
drift velocity to the fluctuation component of the fluid velocity in
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the DRW and CRW models (15) and (18). For the DRW model,
discretization of the third term of Eq. (24) yields the time-evolving
equation for the mean drift velocity u’fi of fluid elements for inho-
mogeneous turbulence:

— — ou’,
u’fi(t—|—At): u’fi(t)—|—At u/ffﬁ) (26)
J

For specific flows, the physics may be able to provide insightinto
which terms in Eq. (26) are important and which can be neglected,
thus providing a more convenient form for the drift velocity equa-
tion. For thin free-shear flows, such as a jet, the last term on the
right-hand side of Eq. (26) will be dominated by v/,3v’/dy, and
assuming isotropy (typical for DRW models), the transverse drift
velocity component for massless particles becomes

vf(t+At):vf(t)+At§a—y 27

The DRW drift velocity of Eq. (27) for a fluid element is simi-
lar to the isotropic version of the CRW drift velocity of MacInnes
and Bracco® but is quite different from their DRW drift velocity in
Eq. (3). Note that their DRW model will only predict the same drift
as that of Eq. (27) when Z At =1, for a constant gradient flow.
As such, the semi-empirical DRW drift velocity of MacInnes and
BraccoS given by Eq. (3) is expected to overpredict drift velocity
at short times, ¢ < 75, and underpredictdrift velocity at long times,
1> Tp.

Note that the DRW drift corrections of Eqgs. (26) and (27) as-
sume that the gradients along a streamline are constant. When this
assumption is not reasonable, an additional drift correction term
of the form (A2/2)(D/Dt)(dk/dx;) may be included. For exam-
ple, this correction can be important when particles convect from
regions of high-turbulencegradients to negligible-turbulencegradi-
ents in which case Egs. (26) and (27) retain a nonzero drift velocity
when in fact the drift velocity should decay to zero. Notably, the
DRW drift velocity of MacInnes and Bracco® [Eq. (3)] retains the
correct qualitative decay under these conditions, but is not quanti-
tatively accurate under general conditions (as will be shown in the
next section). _

For the CRW model, an incremental change (5”/;) in the ve-
locity fluctuation equation (18) is considered because the velocity
fluctuations are continuous in time, unlike the DRW model. This
incremental change is derived similarly to Eq. (26) yielding the
incremental drift velocity for the CRW model as

o 7 au/fi
5uf/ = At uf/Wj (28)

which is equivalent to Eq. (4). For the transverse component of
velocity for thin free-shear flows, where one can assume isotropic
turbulence Eq. (28) becomes

— 1 ok
o, = At=—— 29
Y 3 0y (29)

Note that the CRW drift correction of Legg and Raupach' is

— —At 0
&, = r,\|:1 — exp( - >i|$(q2) (30)

and to first order, Eq. (30) is equivalent to Eq. (29) for isotropic
turbulence.

Now let us consider the drift velocity for finite mass particles,
where the particle Lagrangian path no longer necessarily coincides
with the fluid Lagrangian path. In this case, we must consider the
derivative of the fluctuating fluid velocity along the particle path

duy _ duy () ouy, 31)

e ot ox;

Taking the time average, we have

dup, __ou; 8u’f
— =T - +u - 32
dt P ax; Pl ox; (32)
or, equivalently,
dufl _ duﬁ duﬂ
e~ dt dr
duy, __ouy du’f, 8u'f.
where —_—=u, —, — =u, — 33
dr ki ox; dr ki ox; (33)

Thus similar to the situation of a fluid element, the net change in
the fluid velocity over time along the particle path involves two
components. The first term on the right-handside of Eq. (32) is taken
into account by sampling u;, along the particle path. For example,

@, Wy (x4 Axy t+ At) =T (x,,, 1)
A At

(34)

The second term on the right-hand side of Eq. (32) is again nonzero
for inhomogeneous turbulence and should be included in the DRW
and CRW models of the fluctuation fluid velocities provided along
the particle path. One may relate this correction to that for a fluid
tracer by using the isotropic correlation of Tu and Fletcher*® mod-
ified to include the crossing-trajectories effect, noted in Eq. (19),
whereby

w, u’fi = u’fi u’fi exp(—By) (35)
where B, (=0.09) was determined from experimental data of Tu
and Fletcher.*® From this, we note that, for y < 1 (which is true for
the conditions employed herein), one may reasonably employ the
drift correction for a massless particle.

In summary, three drift corrections are investigated herein for
isotropic turbulence in thin free-shear layer flows with particles of
low y: the DRW drift of MacInnes and Bracco® in Eq. (3), the ana-
lytically based DRW driftcorrectionof Eq. (27), and the analytically
based CRW drift correction of Eq. (29).

III. Test Flow Results

Validation of the models in the heavy particle limit (p, > p)
was performed using two basic free-shear turbulent flows (a nearly
homogeneous wake and an inhomogeneous axisymmetric jet) for
which detailed heavy particle experimental data are available. In
addition, the drift correction terms of Eqs. (27) and (29) were val-
idated through simulations of tracer particles in an idealized one-
dimensional inhomogeneous channel flow and an empirical two-
dimensional inhomogeneous jet flow. The number of particles used
in each simulation was varied over a significant range to ensure sta-
tistical convergence. The time steps were also kept uniform for the
CRW simulations and were sufficiently small to provide accurate
temporal resolution.

For the first test flow, we utilized the Snyder and Lumley'® grid-
generated wake experiment where the mean-squarediffusionof four
types of particles (see Table 1) was measured. The particle diffu-
sion (based on the root mean square of the transverse particle lo-
cations) was measured over the range z/ M = 68.4-168 in both the
experimentsand the present simulations. This grid-generatedflow is
nearly homogeneous, thus allowing the drift correction terms to be
neglected. The coefficients for the eddy timescale and length scale,

Table 1 Characteristics of the four particle types used in the Snyder
and Lumley!® grid-generated turbulence experiment

Particle Particle Initial Terminal
Particle type radius, um  density, kg/m? Tp, 8 velocity, m/s
Hollow glass 23.25 260 0.00174 0.0167
Corn pollen 43.5 1000 0.0223 0.198
Solid glass 43.5 2500 0.0557 0.442
Copper 23.25 8900 0.0594 0.483
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Table 2 Calibrated coefficients for the

DRW and CRW models
Coefficient DRW CRW
C: 0.21 0.27
Ca 1.8 1.6

o Hollow Glass
44 ACorn Pollen
@ Solid Glass
A Copper

Solid Glass

Diffusion [ cm? 1
[ %]

04 } t
0 0.1 0.2 0.3 04 0.5
a) Time {s]
5
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ACorn Pollen
@ Solid Glass
,3 T A Copper

Solid Glass

d

Diffusion [ cm?]
~

0.1 0.2 0.3 04 0.5
b) Time [s}]

Fig.9 Comparison of numerical results of diffusion in grid-generated
turbulence to the experiment of Snyder and Lumley'® for a) DRW and
b) CRW simulations.

appearingin the CRW model as C, and C,, were calibrated to agree
with the particlediffusionresults. The resulting values for the DRW
and CRW models are presentedin Table 2. Figure 9 shows the com-
parison of the DRW and CRW simulations, respectively, of particle
diffusion to the data of Snyder and Lumley.!> The agreement for
both models is quite good for short-time and long-time diffusion
indicating that both models include the basic features to simulate
homogeneousturbulentparticlediffusion(althoughthe CRW results
are slightly better).

For the second test flow, the importance of the spurious drift cor-
rection terms for massless particles was investigated with a simple
one-dimensional flow with isotropic inhomogeneous turbulence as
specified in Eq. (7). Because the mean flow is divergence free, a
uniform initial distribution of tracer particles in the transverse di-
rection at x/ 2 =0 should remain uniform in concentration while
convecting downstream.® To test this, particles of negligible radius
were injecteduniformly at the inlet (x/ & = 0) and the resulting den-
sity profiles were computed at various planes downstream. It was
determined that 50,000 particles were sufficient for the numerical
test flow study.

Figure 10a shows the normalized density profiles at x/ & loca-
tions of 1, 5, 10, and 15 for the DRW model with no drift correction
velocity included. There is a dramatic accumulation of particles
at the edges of the domain corresponding to locations in the flow
where the turbulent kinetic energy is minimum, and this accumu-
lation worsens as x/ h increases. Figure 10b shows a similar trend,
although not as exaggerated, for the CRW model without a drift
correction. These results are qualitatively similar to those found by
MacInnes and Bracco® for the axisymmetric jet (Fig. 4). Figure 11
shows the result of including the drift correction velocities. The

1.0 ;
™ AR : . . * 4 "
os I‘ * . * M
e o °*
o « x/h=1
0.6 ..' + x/h=5
= H 4 xh=10
0.4 :. n x/h=15
®e —Exact
* -
0240, .
a * .
= < .
AR L] *
0.0 . A n . ,
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[ d Y YL
A. A- =
o x/h=1
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i a xh=10
r x/h=15
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A =
. a
3 + A N $
3 4 5
b) PP,

Fig.10 Tracer particle concentration profiles of the numeric test flow
at four downstream locations without drift correction velocities for a)
DRW and b) CRW model.

DRW results using the semi-empirical drift correction of Maclnnes
and Bracco are shown in Fig. 11a and the proposed drift velocity
of Eq. (27) are shown Fig. 11b. The drift velocity of MacInnes and
Bracco clearly worsened downstream (where ¢ > 7, ). This is con-
sistent with the expected underprediction of drift velocity for this
model as describedin Sec. I1.E. In contrast, the scalar concentration
across the channel for the proposed DRW drift velocity of Eq. (27)
remains nearly uniform downstream. Figure 11c shows the normal-
ized density profiles for CRW model including the drift velocity
increment of Eq. (29). The resulting density profiles remain nearly
uniform at all downstream locations and are generally better than
that for the DRW model proposed herein for this type of flow.

For the third test flow, the drift correctionterms are evaluatedin a
two-dimensionalinhomogeneousturbulentjet flow with tracer parti-
cles. The tracer particles are injected uniformly with respect to fluid
volume flux at a location in the main region of the jet (Z/dje[ =10).
The motion of the tracer particles is computed, and density profiles
are obtained at five planes (z/dj; = 10, 15, 20, 25, and 30). Simi-
larly to the earlier channel flow, the mean flow is divergencefree and
a uniforminitial distributionof tracer particles will remain uniform.
It was determined that 200,000 particles were sufficient for these
simulations.

Figure 12a shows the normalized density profiles in the jet at the
five z/d; locations for the DRW model without the drift velocity.
There is an accumulation of particles at the outer edge of the jet
(low-turbulenceintensity) and a depletion of particles from the cen-
ter of the jet (high-turbulence intensity) similar to the results from
the channel flow. The same trend appears for the CRW model with-
out the drift velocity and is shown in Fig. 12b. Figure 13a shows the
normalized density profiles for the DRW model with the drift ve-
locity of MaclInnes and Bracco,® where it is evident that continuity
is not satisfied. Figure 13b shows the normalized density profiles
for the CRW model with the proposed drift velocity of Eq. (29),
where the density profiles remain nearly uniform at all collection
planes (close to the exact solution) and are superior to the results
of the DRW model with either drift correction. The results for the
DRW drift given by Eq. (27) tended to give nonphysical concentra-
tion peaks at the center of the jet (not shown). This is due to some
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1.0 — Table 3 Particle and jet characteristics for the three testing
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Fig.11 Tracer particle concentration profiles for the numeric test flow % 1 : 7 I ] -
at four downstream locations for a) DRW model with drift velocity A s ; M 2 .
proposed by MacInnes and Bracco,® b) DRW model with the proposed LA e
drift velocity of Eq. (27), and ¢) CRW model with the proposed drift 0.5 1 *
velocity of Eq. (29).
0 : ; . LA
of the tracer particles convecting from high-turbulence gradients to 0 0.05 0.1 0.15 0.2
low-turbulence gradients and artificially retaining a drift velocity, a) r/z
an issue discussed in Sec. IL.E.
For the fourth test flow, heavy (nontracer) particle diffusion in Exact Solution
an axisymmetric jet was simulated to compare with concentration 21 o wda=10
measurements of Yuu et al.?> The fluctuation velocities from the o 2d=15
DRW and CRW models were sampled from the mean velocity fluc- L5 & zd=20
tuation intensities in each direction. At least 50,000 particles (in = z2d=25
conjunction with 15 collection bins evenly distributed in the radial @ *+ #d=30 R
direction) were used to compute the particle concentration profiles. = 1 53 2 ¢ 3 T v "
The particle initial conditions for the axisymmetric jet were com- v
puted by Schuen et al.” and proved to be slightly different than the 0s |
jetdischarge velocities. Overall, there were two particle sizesusedin ’
the Yuu et al.?? experiment along with three jet discharge velocities
to generate three experimental testing conditions (see Table 3). Yuu 0 . ‘ :
et al.? gives the experimental combination of particle sizes and jet 0 0.05 0.1 0.15 0.2
discharge velocities used. For these testing conditions, the tracer b) riz

drift correction velocities of Eqs. (27) and (29) were utilized for
the DRW and CRW models. This is a valid approximation for these
nontracer particles, because even for the largest particles simulated
in the jet, the average y along the particle paths was less than 10%,

Fig. 13 Tracer particle concentration profiles for the jet flow at four
downstream locations for a) DRW model with drift correction proposed
by MacInnes and Bracco® and b) CRW model with the proposed drift
velocity of Eq. (29).
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Fig. 14 Comparison of numerical results for the centerline particle
concentration of an axisymmetric jet to the experimental data of Yuu
et al.22 for a) DRW model, where the drift of MacInnes and Bracco® is
utilized, and b) CRW model.
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Fig. 15 Comparison of numerical results for the radial particle con-
centration of an axisymmetric jet to the experimental data of Yuu et al.??
for a) DRW model, where the drift of MacInnes and Bracco® is utilized,
and b) CRW model.

suggesting that the drift correction velocity is of order 1% based on
Eq. (35).

The axisymmetric jet results shown in Figs. 14 and 15 are for
an axisymmetric jet with a jet discharge velocity of 100 m/s and
an initial particle Stokes number of 30. Figure 14 shows compar-
isons for the DRW and CRW models to the experimental data for
the centerline particle concentrationnormalized by the value of the
particle concentration at the jet exit. The DRW and CRW simula-
tions without the drift correctionunderpredictthe centerline particle
concentration, which is consistent with the particles artificially va-
cating the centerline region of the jet, where the highest turbulence
intensity is located. The CRW model with the drift correction term
of Eq. (29) tends to show the best agreement with the data, although
the drift-corrected DRW results using Eq. (27) are reasonable.

Figure 15 shows comparisons for the DRW and CRW models
to the experimental data for the radial particle concentration at an
axial location of z/d; = 50. The overall match of the CRW model
with drift correction to the data of Yuu et al.?? is again reasonable.
Neglecting the drift correction term results in particles incorrectly
accumulating in the outer region of the jet where the smallest tur-
bulenceintensity is located. This is especially dramatic in the DRW
model shown in Fig. 15a, where a large nonphysical spike in the
concentration profile at r/z~0.175 (similar to the earlier results
found for massless particlesin a jet shown in Fig. 3). A second test
conditionat 50 m/s is describedby Bocksell and Loth’ and exhibited
similar results. Thus, DRW models by Gosman and Ioannides? Yuu
etal.,?? Schuen et al.,” and DeAngelis et al.,”® which do not include
this drift velocity, may have difficulty simulating particle diffusion
for flows with strongly inhomogeneous turbulence.

IV. Conclusions

DRW and CRW models were investigatedto simulate heavy parti-
cle diffusionin free-shearflows. These DRW and CRW models were
designed to incorporate the three primary features of turbulent par-
ticle diffusion: the crossing-trajectory effect, the continuity effect,
and the inertial-limiteffect. For the sake of comparison and consis-
tency, both the DRW and CRW models did not include off-diagonal
correlation terms and used the same anisotropic turbulence inten-
sities. The calibrated performance for the grid-generated turbulent
flow was reasonable for both models, and local time stepping signif-
icantly reduced CPU time for the CRW model. The drift correction
velocities for the DRW and CRW models were validatedin an ideal-
ized one-dimensionalinhomogeneouschannel flow and an empirical
two-dimensional inhomogeneous jet flow. The results showed that
the present analytical drift correction velocity for the CRW model
performed the best, whereas the present analytical DRW correction
also gave reasonableresults for just the idealized channel flow. The
resulting DRW and CRW models also provided reasonable particle
diffusion predictions for the Yuu et al.?? turbulent axisymmetric jet
experiment. However, the CRW model again performed better, par-
ticularly with respect to correcting for the nonphysical drift due to
inhomogeneous turbulence.
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